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Preface
This book grew out of several years of teaching about gambling in a variety
of contexts at Albion College beginning in 2002. For several years, I taught a
first-year seminar called “Chance,” which I came to describe as “probability
and statistics for the educated citizen” as distinguished from a formula-heavy
approach to elementary statistics. I also focused more on probability than
statistics in Chance. Part of probability is gambling, of course, and so over
the years, the course evolved to include more casino examples in class, whether
by simulation or actual in-class game play. The course included a field trip to
the Soaring Eagle Casino in Mount Pleasant, Michigan, late in the semester
after all of the students had turned 18. This provided the students with a fine
opportunity to combine theory with practice and see for themselves how the
laws of probability worked, in a way that no classroom activity could mimic.
Later on, I expanded the gambling material into a course called Great Issues in Humanities: Perspectives on Gambling, in Albion’s honors program.
The course combined mathematics from Chance (for mathematics, in the
words of one of my colleagues, is the first of the humanities) with other readings from literature, philosophy, and history to provide a well-rounded view
of a subject that is not becoming less important in America.
Throughout my years teaching about gambling, I struggled to find a good
probability textbook that covered the topics germane to my course without
a lot of material that was not related to gambling. Basic Gambling Mathematics is my effort to distill the mathematics involved in gambling, and only
that mathematics, into one place. While the final product started out as that
textbook, over the course of an intensive summer spent writing (with a goal
of 1000 words a day), it evolved to include more general information on the
mathematics that I have found so fascinating during my years of teaching.
The text necessarily contains a large number of examples, illustrating the
mathematical ideas in a range of casino games. The end of an example is
indicated with a  symbol.
The exercises provided here are included for students, of course, and for
those casual readers who would like to try their hand at some casino-related
computations. Most of them either present other examples of the ideas in the
chapter or ask for fairly straightforward verification of computations mentioned in the main text. Answers to all of the odd-numbered exercises are
provided, and complete solutions to all exercises may be found in the separate
solutions manual.
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CHAPTER

1

Introduction

1.1 HISTORICAL BACKGROUND
The roots of probability lie in gambling. While the mathematical foundations of probability date back fewer than 400 years, evidence of games of
chance can be found among the artifacts of far-older civilizations. Dice, for example, date back many thousands of years, in much the form we know today.
Dungeons & Dragons players, who use polyhedral dice with 4–20 sides, may
well notice that their dice bear Arabic numerals, in contrast to cubical casino
and ordinary game dice, which use dots to label sides. There is a reason for
this, as stated in [64]: Dice are older than numbers. Standard Arabic numerals only attained their final form around 700 ce, while cubical dice have been
found dating back as far as 3000 bce.
The transition from simple games of chance to a mathematical theory of
probability really began in the 16th century when Girolamo Cardano wrote
Liber de Ludo Aleae or Book on Games of Chance. “Aleae” refers here to
games played with dice [5, p. 47]. The book was not published until 1663,
nearly 100 years after Cardano’s death—nonetheless, many of the ideas used
to analyze casino games can be traced back to this work.
In this volume, Cardano gave the first mathematical treatment of expectation, which would come to be a fundamental idea in gambling mathematics.
Looking back, we can also see that the notion of sample space is present, and
that concept is also central to a meaningful mathematical treatment of gambling. By the end of the book, Cardano’s work was showing the first signs of
a theoretical, rather than experimental, approach to probability [5, p. 53].
Further progress in the theory of probability can be found in Galileo’s
treatise on the probabilities of rolling various numbers on three standard dice.
In Sopra le Scoperte Dei Dadi, he correctly counted the various ways to roll
sums such as 9, 10, 11, and 12, and in so doing eclipsed previous incorrect reasoning that had confounded dice players [24]. Galileo’s work showed, through
a simple enumeration of cases, that 10 is more likely than 9 and 11 more likely
than 12.
The continued progress, after Cardano and Galileo, of probability as a
1

2

Basic Gambling Mathematics: The Numbers Behind the Neon

formal mathematical subject can be traced to a 1654 letter from Antoine
Gombaud, the Chevalier de Méré, to French mathematician Blaise Pascal.
In this letter, Gombaud reported his experience at two different gambling
games, and noted that his actual results were quite different from the results
he expected based on his assessment of the probabilities. The goals of the two
games he played were these:
1. To throw at least one 6 in four tosses of a fair six-sided die.
2. To throw at least one 12 (double sixes) in 24 tosses of two fair dice.
Gombaud’s informal reasoning had led him to believe that his probability
of winning either game was 23 , but he reportedly found that he won only
slightly more often than he lost in the first game and lost slightly more often
than not in the second. It is not hard to follow his reasoning: in game #1,
he had 4 tries at a game with 6 possible outcomes, suggesting a 32 chance of
success; game #2 offered 24 shots at a game with 36 outcomes, leading to the
same fraction.
It is also easy to find the flaw in this line of thought. Continuing game
#1 for two more rolls, Gombaud would conclude that he would get at least
one 6 every time he rolled a fair die six times, and it is not hard to imagine a
case where this would not happen. Yahtzee and Settlers of Catan players, for
example, are quite familiar with repeated inability to roll a desired number.
Pascal began a correspondence with Pierre de Fermat about these questions, which quickly grew to encompass related questions about games of
chance. From these letters emerged a mathematical treatment of chance and
uncertainty that laid the foundation for probability’s development as a rigorous branch of mathematics. These principles would soon find application in a
wide range of fields beyond gambling.
Over the ensuing years, the foundations of probability were refined; in
the early 20th century, Andrei Kolmogorov stated a set of three axioms for
probability that gave probability the same logical foundation as other branches
of mathematics (see page 13). Beginning with Kolmogorov’s three axioms, it
is possible to derive the theory of probability in complete mathematical rigor.

The Rise Of Gambling In the USA
At about the same time, in 1931, Nevada paved the way for the spread
of legal gambling in America by legalizing gambling within the state [64, p.
354–5]. Over the next few decades, gambling thrived in Reno, Las Vegas, and
other Nevada cities, but there was no spread of legalized casino gambling to
other states until 1976, when New Jersey voters approved a measure to allow
casinos in Atlantic City. Casinos opened on that city’s Boardwalk in 1978 [64].
The first Native American casino in the USA was launched in a garage
in Zeba, Michigan, on December 31, 1983. The Pines faced legal challenges
for 18 months before being forced to close [78]. However, the push for reservation casinos continued long after the first casino shut down. In 1988, the
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landscape of legalized gambling in the USA was changed forever when the
Indian Gaming Regulatory Act issued guidelines for regulation of casinos run
by Indian tribes on reservation lands. In the years since the act was passed,
Native Americans have opened casinos across America, and voter referenda in
numerous other states have paved the way for state-regulated casinos. Some
sort of legal gambling, including casinos, dog and horse racing, and lotteries,
is now available in 48 US states, all except Hawaii and Utah.

1.2 MATHEMATICAL BACKGROUND
Set Theory
We adopt a set-theoretic approach to probability in this text. In doing so,
we assume that the meaning of the term set is understood, and so we will
not define it explicitly. A deck of playing cards is a good illustration of the
concept of a set. Considered one way, it’s 52 separate things, but we may just
as easily think of it as a single object.
Informally, we may reasonably think of a set as a collection of objects—
called elements—considered as a unit. We will usually denote sets by capital
letters and elements by lower-case letters. If A is a set and a is an element
of A, we denote that relationship by a ∈ A. It is customary to use braces to
enclose a list of the elements of a set.
Example 1.2.1. The set of natural numbers is {1, 2, 3, . . .} and is denoted
by N. 4 ∈ N, but 2.5 ∈
/ N: 2.5 is not a natural number.

Example 1.2.2. The set of numbers that can appear when a standard sixsided die is rolled can be written as A = {1, 2, 3, 4, 5, 6}.

Example 1.2.3. A standard deck of playing cards consists of 52 cards, 13
cards in each of four suits. The suits are clubs (♣), diamonds (♦), hearts (♥),
and spades (♠). Clubs and spades are black; hearts and diamonds are red. The
13 cards within each suit are denoted ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, jack, queen,
and king. Aces may, depending on the card game being played, be considered
as either high or low.
We can think of a standard deck as a single set D containing 52 elements,
which may be written systematically by listing the cards from 2 through ace
in each suit and the four suits in succession, as
D = {2♣, 3♣, . . . , A♣, 2♦, . . . , A♦, 2♥, . . . , A♥, 2♠, . . . , A♠}.

It is possible, even desirable, to combine two sets in various ways to create
new sets, or to consider a given set as arising from other sets by one of these
operations. Two of the most common ways to combine sets are union and
intersection.
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Definition 1.2.1. The union of two sets A and B, denoted A ∪ B, is the set
of all elements belonging either to A or B, or both.
When using set-theoretic notation to describe a set described with a sentence, one indicator that you are dealing with a union may be the presence of
the word “or.”
Example 1.2.4. A standard deck of playing cards D may be thought of as
the union of one set R of 26 red cards and another set B of 26 black cards.
Symbolically, we would denote this union by D = R ∪ B. A verbal description
of the union might be “all cards that are either red or black.”

Example 1.2.5. Two relatively high-ranking poker hands are a straight,
which consists of five cards in numerical sequence, and a flush, which is composed of five cards of the same suit. (A straight flush is a very rare hand
consisting of five cards in sequence and of the same suit.) Suppose that you
have been dealt the 3, 4, 5, and 6 of clubs from a standard deck. The set S of
all possible fifth cards that will complete a straight contains eight elements:
all of the 2’s and 7’s. The set F of all possible cards that will complete a flush
consists of the nine remaining clubs. Accordingly, the set of cards that will
complete a straight or a flush is S ∩ F . This union contains 15 cards: the 2
cards (2♣ and 7♣) that appear in both sets are only counted once each in the
union.

Definition 1.2.2. The intersection of two sets A and B, denoted A ∩ B, is
the set of all elements belonging to both A and B.
In translating between English and mathematics, intersections frequently
correspond to the word “and.”
Example 1.2.6. If A is the set of all clubs in a standard deck of cards and B
is the set of all 3s, then their intersection is the single card common to both
sets: A ∩ B = {3♣}. This card is both a 3 and a club.

Unions and intersections can be extended to more than two sets, as in the
following example.
Example 1.2.7. We can think of a deck of cards as the union of four sets:
clubs, diamonds, hearts, and spades. Using the first letter of each suit’s name
as an abbreviation for the set of cards of that suit, we could denote a standard
52-card deck by C ∪ D ∪ H ∪ S.

Definition 1.2.3. We say that the set B is a subset of the set A if every
element of B is also an element of A, and we write B ⊂ A.
Example 1.2.8. If we roll two standard dice and add the numbers that result,
the set of all possible outcomes is A = {2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}. In the
casino game craps, the subset B = {7, 11} ⊂ A is the set of rolls that is an
automatic win for the shooter on the first roll.
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It should be noted that, according to this definition, every set A is a subset
of itself. If B ⊂ A and we wish to exclude the possibility that B = A, we write
B ( A. If A ⊂ B and B ⊂ A are both true, it follows that A = B.
An important set is the set with no elements, called the empty set. The
empty set is denoted by ∅ or by {}. The empty set is a subset of every set. At
the other extreme from ∅ is the universal set U , which is the set that contains
every element under consideration.
Definition 1.2.4. The complement of a set A is the set consisting of all
elements that are in the universal set but not in A. We denote the complement
of the set A by A′ .
It is an immediate consequence of this definition that A ∪ A′ = U and
A ∩ A′ = ∅.
Example 1.2.9. Suppose again that we’re drawing one card from a standard
deck. Let U be the set of all 52 cards. If A = the set of all red cards, then A′ =
the set of all cards that are not red—that is, the set of all black cards.

For our work in probability, we will frequently be interested in the size of
a set—that is, how many elements it has. For convenience, we introduce the
following notation: The expression #(A) denotes the number of elements in a
set A.
This is most often used when A is a finite set—while it is certainly possible
to consider the size of an infinite set, such sets are uncommon in gambling
mathematics and are not considered in this book.
Example 1.2.10. If A is a standard deck of playing cards, then #(A) =
52.

Example 1.2.11. Suppose that we roll three standard dice: one each in red,
green, and blue. Let the ordered triple (r, g, b) indicate the result of the roll
in the order red, green, blue—so (2, 3, 4) is a different outcome from (3, 4,
2). Denote by A the set of all possible ordered triples resulting from one roll.
Each of r, g, and b is an integer in the range 1–6, and so we can write
A = {(r, g, b) : 1 ≤ r ≤ 6, 1 ≤ g ≤ 6, 1 ≤ b ≤ 6}.
It follows that #(A) = 6 · 6 · 6 = 216.



The challenge here is that a set of items that are of interest in gambling
mathematics can be very large. If we are interested in the set A of all possible
five-card poker hands, then #(A) = 2, 598, 960, and we’d like to have a way to
come up with that number without having to list all of the hands and count
them. Techniques for finding the size of such large sets will be discussed in
Section 2.4.
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Summation Notation
In much the same way that mathematicians have adopted shorthand notation for unions and intersections, there is an alternate notation that is useful
for sums of many numbers. If we wish to add up a sequence of numbers n
numbers denoted by x1 , x2 , . . . , xn , we can express that by
n
X

xi ,

i=1

where the Σ is the capital Greek letter sigma. Sigma corresponds to the letter
S and is used here to stand for “sum.” The index i is a new variable that is
used to count the terms being added, and the subscript and superscript on
the Σ indicate that the variable i starts at 1 and runs through n.
Example 1.2.12. The expression
5
X

i

i=1

instructs us to compute the sum of the integers from 1 to 5, a sum which is,
of course, 15.

Example 1.2.13.
6
X
1
i=1

i

=1+

1 1 1 1 1
49
+ + + + =
= 2.45.
2 3 4 5 6
20


Example 1.2.14.
10
X

i2 = 1 + 4 + 9 + . . . + 81 + 100 = 385.

i=1


Under certain circumstances, we can extend the upper limit of the sum to
add up an infinite number of terms; this takes the form
∞
X

xi

i=1

and the resulting sum is called an infinite series. The theory of infinite series,
including the circumstances under which an infinite series converges, or has a
finite sum, is a well-developed area of mathematics that is beyond the scope
of this book. The infinite series that we encounter here will all converge.
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The idea of indexing notation can also be applied to denote unions and
intersections of more than two sets if n, the number of sets involved, is large.
We may then use the alternate notation
n
[

Ai

i=1

for the union of the n sets A1 through An , which is often easier than A1 ∪
A2 ∪ A3 ∪ · · · ∪ An . The corresponding notation for their intersection is
n
\

Ai .

i=1

1.3 WHAT DOES IT MEAN TO BE RANDOM?
Throughout our consideration of probability applied to gambling, we will
have occasion to address the notion of randomness. A formal definition of
“random” inherently includes humans:
Definition 1.3.1. A process is random if its output contains no pattern that
is detectable to human observers.
This is not as satisfying a definition as we might want, but for practical
purposes, it does a pretty good job of explaining what we mean when we
describe something as “random.” An alternate approach to randomness is
this: A process is random if every possibility or every arrangement of its
components is equally likely.
In a modern casino, the slot machines and video poker machines are controlled by computer chips that generate thousands of numbers every second.
Those numbers are determined by a complicated algorithm that we could, in
theory, exploit to predict the exact outcome of each spin of the (real or simulated) reels. Since an algorithm generates these numbers, they are properly
termed pseudorandom numbers: not strictly random in a technical sense, but
random enough for their intended use.
Example 1.3.1. The TI-58C calculator manufactured by Texas Instruments
in the 1970s included a random number generator that used the following
algorithm to generate a list of pseudorandom numbers [42, p. 54]:
1. Enter an initial number x0 in the range 0 ≤ x0 ≤ 199, 017.
2. Define
xn+1 = (24, 298 · xn + 99, 991)

mod 199, 017,

where “mod 199,017” denotes the remainder when 24, 298 · xn + 99, 991
is divided by 199,017.

